EXPONENTIAL MARTINGALES AND CHANGES OF MEASURE 
FOR COUNTING PROCESSES 



ALEXANDER SOKOL AND NIELS RICHARD HANSEN 



Abstract. We give sufficient criteria for the Doleans-Dade exponential of a stochas- 
tic integral with respect to a counting process local martingale to be a true martingale. 
The criteria are sufficiently weak to be useful and verifiable, as illustrated by several 
non-trivial examples, without introducing artificial constraints. In particular, they 
make it possible to construct noncxplosive point processes with intensities adapted 
to a general filtration by a change of measure. 



1. Introduction 



The motivation for this paper is the problem of constructing nonexplosive dynamic pro- 
cesses via a change of measure on the background probability space. The objective is to 
derive verifiable conditions in a counting process context for the exponential martingale 
to be a true martingale w ithout introducing artificial constraints. As discussed recently 
by (|Giessing et all )2010l ). it is of general interest to formulate a statistical model of a 
dynamic counting process in terms of a family of candidate intensities, and it is then 
essential to be able to verify that the intensities give well defined nonexplosive models. 
To this end we need conditions on the candidate intensities. If the intensity is adapted 
to the filtration generated by the counting process itself precise resul ts are obtainable by 
transferring the problem to a canonical setup, sec Theorem 5.2.1 in (|jacobsenl . [2005T) . If 
N is a counting process, which, under P, is a homogeneous P oisson counting process, a 
combination of the mentioned theorem and Exercise 4.4.5 in (jjacobsenl . 120051 ) gives the 
following result; for an intensity process A such that 

(1.1) 



A t < a(N t -) 

— oo there is a measure Q with Radon- 



for a sequence a(n) satisfying Xm=i 
Nikodym derivative with respect to P being an exponential martingale such that N 
is a nonexplosive c ounti ng process with intensity A under Q. The result is mentioned 
in ( Giessing et al. . 2010|) as th e Jaco bsen condition. It holds a priori on the canonical 
spaces considered in ( Jacobsen . 2005). It is generally not possible to lift a measure from 
a canonical space to an abstract space but if the intensity is adapted to the filtration 
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generated by N the fact that the exponential martingale is a true martingale and not 
just a local martingale can be lifted. This shows that (jl.ip . which is a very weak condi- 
tion, is sufficient for the exponential martingale to be a true martingale if the intensity 
is adapted to the filtration generated by N. This, in turn, allows for the construction of 
a counting process on bounded intervals with intensity A by a change of measure if (jl.f [) 
holds. 



Alternative approaches to ensure the existence of a no nexplosive counting process with 
a given intensity are surveyed in ( Gjessing et al. . 20ld ). but a weak and general but yet 
verifiable condition that the expon ential local martingale is a t rue martingale is missing. 
Results by Lepingle and Memin, ([Lepingle and Meminl . 119781 ). are mentioned but not 
applied, a restrictive No vikov-type cond i tion i s mentioned, and the most general, explicit 
condition mentioned in (|Giessing et all l2010h is (25). This is a growth condition on X? 
with a > 1 , which is typically too strong or difficult to verify in practice. A consequence 
of our results is that a growth condition with a = 1 is sufficient, which is much more 
useful. 



Our starting point is the paper by Lepingle and Memin, (jLepingle and Meminl . 119781 ). and 
their general results, which we adapt to the specific case of Doleans-Dade exponentials of 
stochastic integrals with respect to counting process local martingales. This is, in itself, 
not enough to obtain sufficiently weak criteria - in several examples such a specialization 
would still leave artificial constraints on the intensities considered. We circumvent this 
by a trick that essentially allows for a restriction to arbitrarily small time intervals, and 
doing so we can remove the otherwise artificial constraints. 



We illustrate how the criteria can be verified. We consider, in particular, examples of 
interacting diffusion and jump processes for which the general framework is suitable. 



2. Summary of results 



Consider a filte red probability space (O, J 7 , (Ft)t>o, P) satisfying the usual conditions, see 
([Profferl 120051 ). Section 1.1 for the definition of this as well as other standard probabilistic 
concepts. We say that N is a nonexplosive d-dimensional counting process if N is cadlag 
and piecewise constant with jumps of size one, and no coordinates of N jump at the 
same time. We say that a process X is locally bounded if there is a sequence of stopping 
times increasing almost surely to infinity such that A T ™l( Tn>0 ) is bounded. Let A be a 
nonnegative, predictable and locally bounded ci-dimensional process. Then A is almost 
surely integrable on compacts with respect to the Lebesgue measure. We say that N is 
a counting process with intensity A if it holds that NJ: — J Q X l s ds is a local martingale 
for each i. Note in particular that since the predictable a- algebra considered is the one 
generated by the filtration (Tt)t>o, the intensity is allowed to depend on other processes 
than just N. 
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We recall the definition of Dol eans-Dade exp onentials. Assume given a semimartingale 
A with initial value zero. By (jProtterl 120051 ) . Theorem 11.37, the stochastic differential 
equation Z t = 1 + J Q Z s _ dX s has a cadlag adapted solution, unique up to indistinguisha- 
bility, and the solution is 



f(.V), =rX V [X t -±[X e \ t 



J] (l + AA s )exp(-AA s ), 



(2J) 

0<s<t 

where X c is the continuous martingale part of X, see p. 209 of ( He et all [l992) for 
the definition of the continuous martingale part of a semimartingale. We call £ (X) the 
Doleans-Dade exponential of X. Assume that AX > —1, it then holds that £{X) is 
al ways nonnegative. Furtherm ore, defining R = inf{t > | AX t = —1}, Theorem 1.4.61 



of iJacod and Shirvaev (|2003l ) then shows that £(X) t is positive for < t < R and zero 
for R < t < oo. Therefore, we may always write 

(2.2) £{X) t = l (t<R) exp I X t - i[A c ] t + £ log(l + AX S ) - AXA . 

y ~ o<s<* J 

If A is a local martingale, £ (A) is a local martingale as well, and in this case, we refer 
to £ (A) as an exponential martingale. 



Now assume given a d-dimensional counting process N with nonnegative, predictable 
and locally bounded intensity A, and assume given another cZ-dimensional nonnegative, 
predictable and locally bounded process \x. 

Definition 2.1. We say that \x is A-compatible if it holds that n\{u>) = whenever 
A'J(w) = 0, and if the process 7 defined by 7^ = /iJ(AJ) -1 for i < d is locally bounded. 



In Definition 12. 1[ we use the convention that zero divided by zero is equal to one. Now 
assume that /1 is A-compatible. Define M to be the d-dimensional local martingale given 
by Ml = Nl - f* XI ds. Put 7* = ^(^r 1 and B\ = 7* - 1 for t > 0. As we have 
assumed that /i is A-compatible, 7 and H are both well-defined and locally bounded 
real-valued processes. We define (H ■ M) t = £? =1 /J H l s dAJ, H ■ M is then a one- 
dimensional process. The local boundedness of H ensures that H ■ M is well-defined. 
Defining log + x = max{0,logx} for x > 0, with the convention that the logarithm of 
zero is minus infinity, our main results are the following. 

Theorem 2.2. Assume that A and fi are nonnegative, predictable and locally bounded. 
Assume that fi is X- compatible. It holds that £{H ■ M) is a martingale if there is an e > 
such that whenever < u < t with \t — u\ < e, one of the following two conditions are 
satisfied: 

(2.3) £;cxp^^ t (7:iog7^(7:-l))A;d^ < co or 

(2.4) £exp (j2 f u K + £ log+ H diVjj < co. 
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Corollary 2.3. Assume that A = 1 and assume that /i is nonnegative, predictable and 
locally bounded. Then \x is X- compatible. It holds that £{H ■ M) is a martingale if there 
is an e > such that whenever < u < t with \t — u\ < e, one of the following two 
conditions are satisfied: 



(2.5) Pexp 



' d 



/4 log+ nl ds < oo or Eexpi^ lo §4 



< oo. 



The immediate use of Theorem 12.21 and its corollary is as an existence result for nonex- 
plosive counting processes with particular intensities, as the change of measure obtained 
from the martingale property of £ (H ■ M) yields the existence of a nonexplosive counting 
process distribution with given intensity /x on a bounded time interval [0,t]. That this 
is the case may be seen from Lemma |3"31 discussed below, which shows that under the 
measure Qt with Radon-Nikodym derivative £{H-M) t with respect to P, N is a counting 
process with intensity l[o,t]A* + l(t,oo)A. 



As a specific application, let us assume that we are interested in constructing a statistical 
model for a nonexplosive counting processes. We assume given a filtered probability space 
(il, (J 7 t)t>0i P) and a <i-dimensional counting process N such that under P, N l has 
intensity X l t = 1. Fix a timepoint t and let us assume that we are interested in considering 
a statistical model on the time interval [0,t] based on a family of intensities (/ie)ee©- If 
He satisfies the criteria of Corollary 12.31 we find that £(H ■ M) is a martingale, and so 
£{H ■ M) t has unit mean. Letting Qg be the probability measure with Radon-Nikodym 
derivative £ (H ■ M) t with respect to P, it holds that under Qg, N is a counting process 
with intensity, and the intensity is fig on [0, t]. Furthermore, the family (Qg)g^Q is 
dominated by P, and the likelihood function is known in explicit form. Thus, Corollary 
12.31 has allowed us to construct the statistical model and prove that explosion does not 
occur. 



As regards checking the criteria in practice, an important property to note is that the 
criteria only need to be checked locally, in the sense that it is only necessary to find 
some e > such that the criteria holds for < u < t with \t — u\ < e. This seemingly 
innocent property makes it possible to apply the criteria in s everal interesting situa tions. 



In particular, it allows us to extend the criterion (25) of (jGiessing et al 
a > 1 to a > 1. 



2010) from 



The rest of the paper is organized as follows. In Section [3l we present the prerequisites 
for the main results. In Section |4j we give some examples of applications of the results. 
Appendix |A1 contains proofs. 
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3. Prerequisites for the main results 



In this section, we present the prerequisites for our main results, Theorem 12.21 and Corol- 
lary 12.31 We first recall some known results on exponential martingales. Lemma 13.11 
yields some basic information on exponential martingales, and Lemma 13.21 is a simple 
criterion for the martingale property of ex ponential martingales. The results are folklore, 



see for example p. 140 of (jProtterl . [2005) for the continuous case, and we therefore do 
not give proofs. 

Lemma 3.1. If M is a local martingale with AM > —1 and initial value zero, £{M) is 
a nonnegative local martingale and a supermartingale, E£(M) t < 1 and £{M) ao always 
exists as an almost sure limit with E£(M) oc < 1. 

Lemma 3.2. Let M be a local martingale with AM > —1 and initial value zero. £(M) is 
a uniformly integrable martingale if and only if E£(M) oc — 1, and£(M) is a martingale 
if and only if E£(M) t = 1 for all t > 0. 



For M a local martingale with AM > — 1 and initial value zero, the question of when 
£(M) is a uniformly integrable martin gale or a true m artingale has been treated man y 
times in the litera ture, see for example (Novikov , 19721) . (jKazamaki and Sekiguchil . ll983l) . 
(IKazamaki L 1994 ) and ( Chernv and Shirvaev L 2001 ) for resul ts in the case of continuous 
M, a nd (jLepingle and Meminl . 19781 ). (jlzumisawa et al. . 1979) and (K allsen and Shirvaevi . 
2002[) for results in the genera l case. In this paper, we will apply the criteria obtained 



in (jLepingle and Memin , Il978l) to integrals of compensated counting processes. The two 
main results from that article are the following, where LT* denotes the dual predictable 



projection, see Definition 5.21 of (|He et all 11992) 



Theorem 3.3 ( (jLepingle and Meminl . 119781 ). Theorem III. 1) . Let M be a local martin- 
gale with initial value zero and AM > — 1. Let R = mf{t > | AM t = — 1}. Define B 



by putting B t = \ [M c 



\tAR 



<s<tAR 



1 + AM S ) log(l + AM S ) - AM S . If B is locally 



integrable and exp(II*_B 00 ) is integrable, then £{M) is a uniformly integrable martingale. 

Theorem 3.4 ( (jLepingle and Meminl . Il978l ). Theorem III. 7). Let M be a local martin- 
gale with initial value zero and AM > — 1. Define a finite variation process A by putting 



A = ![An + £o<s< t l°g(l + AM s 
a uniformly integrable martingale. 



AM S 



7/exp(^4 oc ) is integrable, then £(M) is 



Note that the function x H> (1 + x) log(l +x) — x is well-defined on (— 1, oo) and has limit 
1 for x tending to — 1 from above. Therefore, the function can be continuously extended 
to [— l,oo), and so the process B mentioned in Theorem 13.31 is well-defined up to and 
including time R. 

Now consider given a (i-dimensional nonexplosive counting process N with nonnegative, 
predictable and locally bounded intensity A as well as another nonnegative, predictable 
and locally bounded process fj, which is A-compatible. As in the previous section, M 
is the ci-dimensional local martingale defined by Ml = N\ — J Q A* ds. Furthermore, we 
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also use the notation that j l = /itJ(AJ) -1 and HI — ^\ — 1. Recall that the assumption 
that /i is A-compatible implies that both 7 and H are locally bounded. Integrals are 
vector integrals in the sense that H ■ M denotes the one-dimensional process dehned by 
H ■ M = Yri=i H l ■ Ml - 

We begin by showing that if £ (H ■ M) T is a martingale, changing the measure using 
£(H ■ M)t as a Radon-Nikodym derivative corresponds to changing the intensity of N 
on [0, T] from A to \i. 

Lemma 3.5. Let T be a stopping time and assume that £(H ■ M) T is a uniformly inte- 
grable martingale. With Q being the probability measure with Radon-Nikodym derivative 
£{H ■ M)t with respect to P, it holds that N is a counting process under Q with intensity 
l^T]/- 4 + l(T,oo)A. In particular, if £{H ■ M) is a martingale, it holds for any t > and 
with Q t being the probability measure with Radon-Nikodym derivative £(H ■ M) t with 
respect to P that N is a counting process under Q t with intensity l[o,t]M + l(t,oo)A. 



Lemma 13.51 shows that given A and /z, £ (H ■ M) is the relevant exponential martingale 
to consider for changing the distribution of N from a counting process with intensity A 
to a counting process with intensity /jl, where HI = /^(A 1 )^ 1 — 1- In general, we cannot 
expect £(H ■ M) to be a uniformly integrable martingale, only an ordinary martingale, 
because the distributions of counting processes with intensities which differ sufficiently 
will in general be singular. For example, the distributions of two homo geneous Poi sson 
processes with different intensities are singular, see Proposition 3.24 of (Karr, 1986). 



As an aside, note that the measure Q obtained in Lemma 13.51 of course always will be 
absolutely continuous with respect to P. A natural question to ask is when Q and P 
will be equivalent. This is the case when the Radon-Nikodym derivative is almost surely 
positive. The following lemma gives a condition for this to be the case. 

Lemma 3.6. If the set of zeroes of \x has Lebesgue measure zero, £(H ■ M) is almost 
surely positive. 



The following two lemmas will be used in the proof of our main results. The first lemma 
allows us to restrict our attention to small deterministic time intervals when proving the 
martingale property of exponential martingales, and the second lemma decomposes an 
exponential martingale into the product of two exponential martingales, corresponding 
to successive changes of intensity from A to fi and \i to [i + v. This will, colloquially 
speaking, allow us to consider the large and small parts of /i separately when proving the 
martingale property. 

Lemma 3.7. Let M be a local martingale with AM > — 1, and let e > 0. If £{M l — M u ) 
is a martingale whenever < u < t with \t — u\ < e, where M* denotes the process M 
stopped at time t, then £(M) is a martingale. 

Lemma 3.8. Let v be nonnegative, predictable and locally bounded. Assume that /i is 
X-compatible and that fx + v is fi- compatible. Then fi + v is also X-compatible. Put 
(HZ+y t = 04 + vDiXl)- 1 - 1, (H£)i = /ij(Aj)- 1 - 1 and (H^)\ = (/xj + 1 " 1- 
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Define d- dimensional processes M x and by putting {M x )\ — NJ: — J Q A s ds and 
(M^Y =Nj- J * [4 ds. It then holds that £(H^ +l/ ■ M x ) = £{H£ ■ M X )£{H£ +V ■ M»). 

Combining the above lemmas allows us to prove Theorem l2.2l The proof, along with the 
proofs of the lemmas above, may be found in Appendix [X] 



4. Examples 



In this section, we give examples where the conditions in Theorem 12. 21 and Corollary 
may be verified. Our first example shows how Theorem 12.21 under certain circumstances 
allows for changes of the intensity where the new intensity is an affine functio n of the old 
intensity. Such criteria were also discussed in Theorem 2 of (|R,avsland . [2tTll . where the 



new intensity fj, was assumed to be related to the initial intensity A by the relationship 

\lH - A* | < e^/Xt. 

Example 4.1. Assume that d is equal to one. Assume that there is 8 > such that 
A s > 5 and assume that [i t < a + /3A S . If there is e > such that for < u < t with 
\t — u\ < e, J A s ds has an exponential moment of order (1 + (aS^ 1 + ft) log + (o;(5~ 1 + /?)), 
then £(H ■ M) is a martingale. 



In the remainder of the examples, we will assume that A = 1, such that N is a d- 
dimensional standard Poisson process, and give particular cases where Corollary [531 may 
be applied. 

Example 4.2. Assume that /i is a nonnegative, predictable and locally integrable pro- 
cess, and assume that there is e > such that exp(e(H ■ M) t ) is integrable for all t > 0. 
In this case, the first criterion of Corollary 12.31 may be applied to show that £(H ■ M) is 
a martingale. 



Example 14.21 is notew orthy because of the follow ing. In ( Protter and Shinibol . 2008t ). 



applying the results of Lepingle and Meminl (1978), the following Novikov-type criterion 



is demonstrated: If M is a locally square integrable local martingale with AM > — 1 
and exp(i(M c ) 00 + {M 4 )^ is integrable, then £{M) is a uniformly integrable mar- 
tingale. Here, M c and M d denote the continuous an d purely d iscont inuous parts of 



the local martingale , respe ctively, see Theorem 7.25 of iHe et al.l (|1992). Furthermore 



Protter and Shimbol ( 20081 ) argue by example that the constant 1 in front of (M d )oo can- 



not in general be exchanged with 1 — e for any e > 0. Example 14.21 however, shows that 
when proving the martingale property instead of the uniformly integrable martingale 
property, for the particular type of local martingale considered here, the constant 1 may 
in fact be exchanged with any positive number. This is a consequence of the particular 
form of (H ■ M) combined with the fact that we are endeavouring to prove the martingale 
property and not the uniformly integrable martingale property. 



s 
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Example 4.3. Assume that /i is a nonnegative, predictable and locally integrable process 
satisfying [i\ < a + j3J)j=i Then both criteria of Corollary 12.31 may be applied to 

obtain that £ (H ■ M) is a martingale. 



The existence of counting processes with intensities afnnely bound ed by the total n umber 
of jumps as in Example 14.31 is well known, see Example 4.4.5 of (|jacobsenl . [2005h . The 



above example yields the same existence through a measure change on general proba- 
bility spaces, indepen dent of canonical spaces. This is the extension of criterion (25) of 
( Gjessing et all EoiOl ) from a > 1 to a > 1 mentioned earlier. 



If the process [i is exactly affine in the sense that [i\ — a + /?X^=i ^t-i ^ ne martingale 
property of £(H ■ M) may be obtained by direct calculation. However, this does not 
in itself imply that the same result holds when we only have p\ < a + /3Xw=i 
In general, such "monotonicity" properti es of the marting ale property for exponential 
martingales do not hold, see for example ( KazamakH Il994 ). Example 1.13. 



Next, we consider two examples involving intensities given as solutions to stochastic dif- 
ferential equations. In both cases, we assume given a Brownian motion relative to the 
given filtration (J 7 *), meaning in the d-dimensional case that (W % )1 — t is an (J-" t ) martin- 
gale for i < d and W\Wl is an (Tt) martingale for i,j < d with i ^ j. We denote such 
a process an (J r t )-Brownian motion. By Levy's characteri sation of Brownian motion fo r 
general filtered probability spaces, see Theorem IV. 33.1 of (jRogers and Williamd . [2000bl) . 



this requirement ensures that the characteristic properties of the Brownian motion in- 
teract well with the filtration (Ft). By M(d, d), we denote the set of d x d matrices with 
real entries. 

Example 4.4. Consider three mappings A : N$ x ->• M d , B : N$ x W\_ ->• M(d, d) and 
a : N$ x R^. ->• M(d, d) such that for all i] <E N$, A(r), •), B(r), ■) and a(r), •) are continuous 
and bounded and such that a always is positive definite. With denoting the n'th 
jump time for N l and Z\ — t — T l Ni , let X be a solution to the c?-dimensional stochastic 
differential equation 

(4.1) dX t = (A(N t ,Z t ) + B(N t , Zt)X t ) dt + a(N t , Z t ) dW t 

with initial value xo in R d , where W is an (J- t ) Brownian motion independent of N. 
Let 4> : R d — > Rl be Lipschitz and put fi t — 4>(X t ). Assume that there are 8 > and 
ca, cb, c a > such that 

(4-2) su P PM)|| 2 <c,4h|U- 5 

t>o 

(4.3) S up\\a(r,,t)\\ 2 <c4r)\\t 5)/2 

t>o 

(4.4) sup \\B(r), t)\\ 2 <c B , 

t>o 

where 1 1 - 1 1 3 in the first case denotes the Euclidean norm and in the two latter cases denote 
the operator norm induced by the Euclidean norm, and || • ||i denotes the C 1 norm in 
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Nq. Then, the first criteria of Corollary 12. 31 may be applied to obtain that £ (H ■ M) is a 
martingale. 

Example 4.5. Let (£„)„>o, (a n )n>o and (b n )n>o be sequences inK. Assume that b n ^ 
for n > and assume that X satisfies the one-dimensional stochastic differential equation 

(4.5) dX t = a Nt + b Nt X t dt + a dW t + (£ Nt - X t _)dN u 

with initial value £o and a > 0, where W is an (J- t ) Brownian motion independent of N. 
Put /if = Assume that there are a, (3 > such that 

(4.6) |C„|<« + /3n 

(4.7) \a n /b n \ < a + /3n 

(4.8) \b n \ < a. 

Then, the second criteria of Corollary 12.31 may be applied to obtain that £ (H ■ M) is a 
martingale. 



Examples l4.4l and l4.5l show how Corollary |2.3l mav be used to construct counting processes 
with inte nsities not ad apted to the filtration induced by N itself. Note that by Corollary 
11.5.3 of ( |Shrevell2004h . W is always independent of N, so the independence requirements 



in the above are mentioned only for clarity. Also note that in Example 14.41 the required 
bounds on the coefficients hold independently of the norms on No, R d and M(d, d) chosen, 
since all norms on finite-dimensional vector spaces are equivalent. The existence of 
solutions to the stochastic differential equations are proved in the appendix. 



The interpretation of the two examples are the following. In Example 14.41 the intensity 
is a transformed diffusion process with mean reversion level, mean reversion speed and 
diffusion coefficient which are deterministic between jumps. A simple example may be 
obtained as follows. Let X be a solution to the one-dimensional stochastic differential 
equation 

(4.9) dX t =p{aexv(-7(t-T Nt ))-X t )dt + <T&Wt, 

where a, ft, 7 > and T n is the n'th event time of N. Define /i t = \X t \. \i is then a 
process of the type given in Example 14.41 Except when X is nonpositive, \i behaves as 
a diffusion immediately after each jump of N, with a mean reversion level a, reverting 
to this level at rate /3, and furthermore, the mean reversion level decreases exponentially 
with rate 7 in t — Tjv t , which is the time since the last jump of N. 



In Example 14.51 the intensity is the absolute value of a linear diffusion process with 
constant coefficients between jumps. Furthermore, the intensity is reset to the level £ ra 
at the n'th jump of N. 

Example 4.6. Consider mappings <fii :M.—> [0,oo) and hij : [0, 00) — > K. Define 

(4.10) ^ t = 4>Ay[ h lJ (t- S )dNi 
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If (j> 1 is Borel measurable with 4>i(x) < \x\ and hij is bounded, then £{H ■ M) is a 
martingale. 

Example 14.61 yields a change of measure to a probability measure where the counting 
process is a multidimensional Hawkes process. In general, many specifications of <j> and 
h will yield exploding counting processes and there will exist no measure change yielding 
the required intensity change. 

The above examples all give various types of sufficient criteria for the martingale property 
of £{H ■ M) using Corollary |2.3l As an aside, we may ask whether the classical necessary 
and suffi cient criterion for nonexplosion for piecewise constant intensities, see Theorem 
2.3.2 of (iNorrisl . Il997i may be replicated as a criterion for the martingale property of 
£(H ■ M). The following example shows that this is the case. 

Example 4.7. Let d = 1, let (a n ) be a sequence of positive numbers and let At = «Ar t _ . 
Then £(H ■ M) is a martingale if and only if J^^Lo ~a~ 1S divergent. 

Appendix A. Proofs 

A.l. Proofs for Section [3j 

Lemma A.l. Let N have intensity A. If X is a process which is nonnegative, predictable 
and locally bounded, and it holds almost surely that pathwisely, the set of zeroes of X has 
Lebesgue measure zero, then it almost surely holds that the zeroes of X are disjoint from 
the jump times of N % for all i. 

Proof of Lemma \A.1\. As X is predictable, the set of zeroes of X is a predictable set. 
Thus, the integral process L li Xs =o) dMj is a local martingale. Let (T n ) be a localising 
sequence such that f Q l(x s =o)l(t<T„) diVj is bounded and such that f Q l(x a =o)l(t<T„) dMJ 
is a true martingale. In particular, E f Q l(x«=o)l(t<T„) dMJ = 0. By our assumptions, 
it holds almost surely that pathwisely, l(x s =o) i s zero except on a Lebesgue null set. 
Therefore, 

(A.l) e[ l {XB = 0) l {t < Tn) dNi = E [ l (Xs=o) l (t < T „ ) A:d S = 0, 

Jo Jo 

where the integrals are well-defined as / * l(x s =o)l(t<T„) d^VJ is bounded. Therefore, as 
Jo l(x s =o)l(t<T„) d./Vj is nonnegative, we conclude that L l(x a =o)l(t<r„) diVj is almost 
surely zero. Letting n and then t tend to infinity, we find that J °° l(x s =o) d^V* is almost 
surely zero, and this implies that almost surely, the set of zeroes of X is disjoint from 
the jump times of N l . As the coordinate i was arbitrary, the result follows. □ 



Proof of Lemma\3Jh Note that A(H ■ M) t = H l t ANl By Lemma [Q the set 

of zeroes of fi l is disjoint from the jump times of N l . Therefore, the set of zeroes of 7* 
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is disjoint from the jump times of N l as well, and so the set where H l is —1 is disjoint 
from the jump times of N l . We conclude that alm ost surely, H ■ M has no jumps of size 
— 1. Theorem 1.4.61 of Uacod and Shirvaevl (|2003l ) then shows that £(H ■ M) is almost 
surely positive. □ 

Lemma A. 2. Let M be a local martingale with AM > — 1 and let T be a stopping 
time. Assume that £{M) T is a uniformly integrable martingale. Let Q be the probability 
measure having Radon- Nikodym derivative £(M)t with respect to P. If L is a local 
martingale under P such that [L, M T ] is locally integrable under P, then L — (L, M T ) is 
a local martingale under Q, where the angle bracket is calculated under P. 



Proof. First note that as Q has a density with respect to P, Q is absolutely continuous 
with respect to P. With Z being the likelihood process for Q with respect to P, meaning 
that Z t = E{^§\Tt), we have Z t = E{£{M)l \F t ) = £{M)J up to indistinguishability. 
In particular, Zq = 1 almost surely. By an examina tion of the proof of the predictable 
Girsanov theorem, Theorem III. 41 of dProtterlliooBh . we therefore find that the theorem 
can be applied in spite of our not having assumed that J-"o is a sub-c-algebra of the 
P-completion of {0,51}, as the theorem in (jProtterl . 120051 ) otherwise requires. 



Now consider a process L which is a local martingale under P such that [L, M T ] is locally 
integrable under P. Note that [L,£(M T )} = [£,£(M T )_ • M T ] = £(M) T ■ [L, M T ], 
As £(M)_ is left-continuous, it is locally bounded. Therefore, as [L,M T ] is locally 
integrable, the process £(M)_ ■ [L,M T ] is locally integrable as well. Thus, [L,£(M T )] is 
locally integrable under P, so the p redictable cova riation of this process is well-defined 
under P. Then, Theorem III. 41 of (jProtter . 2005), applies and yields that the process 
given by L u — J™ £{M T )~}_ d(£(M T ), L) s is a Q local martingale, where the angle bracket 
is calculated under P. Noting that 

r u i f u l 

Lu ~ Jo £jM^YZ d{£{MT),L)s = Lu ~ J cv,,^ &(£{M T )--M\L) t 
(A.2) = L u 

the result follows. □ 



£{M T ) S ^ 
(L : M T ) U 



Proof of Lemma \3.5l Fix a stopping time T. By definition, Q has Radon-Nikodym 
derivative £ (H ■ M)t with respect to P. We wish to apply Lemma [A.2I in order to prove 
the result. We first check that [M l , (H ■ M) T ] is locally integrable under P. Since M z 
has paths of finite variation, [M\hP] t = Eo< s <t AMjAMj = T,o<s<t AiV*AiV| = 
[N l , N^], and in particular [M % ] — N l . As the coordinates of N have no common jumps, 
we have 

d 

[M\ (H ■ Mf] = H j l [0tT] ■ [NP,M l ] 

i=i 
d 

(A.3) =z2 Hn l°,T] ■ IN>,N*} = iri [0 , T] • [JV*]. 
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Because we have assumed that H is locally bounded, this is locally integrable. From 
Lemma [A.2| we then conclude that AP — (M l , (H ■ M) T ) is a local martingale under Qt. 
Next, we know that under P, (H*N l ) t = J Q A* ds, and we also know that H and 1[o,t] 
are predictable. Therefore, (M\ (H ■ M) T ) S = n;(iPl [0>T] • [N i ]) a = J° Hll (u < T) X u du, 



which allows us to conclude that 



Mi - (M\ (H ■ M) T ) S = Nl- f \\ ds - f ff;i (u < T) At du 

Jo Jo 



(A.4) = - / ^l[o,T](«) + AU(t,oo)(«) du. 



This proves that under Q, N has intensity lfcTlM + 1(t,oo)A- The results for the case 
where £{H ■ M) is a martingale then follows by considering stopping times which are 
constant. □ 

Lemma A. 3. Let M , . . . , M n be local martingales with pairwise zero quadratic covari- 
ation. Then £{J2l =1 M k ) = Ul =1 £(M k ). 



Proof. This follows by Theorem 11.38 of (jProtteii 120051 ) and an induction proof. □ 



Proof of Lemma \3. 7[ Let e > be given such that £(M t — M u ) is a martingale 
whenever < u < t with \t — u\ < e. By Lemma [3~2l to show that £(M) is a martingale, 
it suffices to show E£(M) t — 1 for all t > 0. As £(M) is a supermartingale, E£(M) t is 
decreasing, and we know that £(M) = 1. Therefore, it will suffice to prove E£(M) ne = 1 
for n > 1. Now, for naturals n < to it holds that n < m — 1 and so 



[M n£ - M ( ™" 1)£ , M me - M (m_1)e ] 

= [M" £ ,M me ] - [M" £ ,M (m - 1)e ] - [M (n - 1)£ , M m£ ] + [M (n - 1)£ , M (m - 1)e 
(A.5) = [M] n£ - [M] n£ - [M]^- 1 ^ + [M] {n -^ £ , 



which is zero. Then, £{M) ne = J]fe = i £ ( Mke ~ M^ k -^ £ ) n£ = J]Li £ ( Mke ~ M( k ~ x >) ke 
by Lemma [A. 31 Also, by our assumptions, £(M k£ — M^ k ~^ e ) is a martingale. Now note 
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that for 1 < k < n, 
k 



eY\E{M k - M^-^% e =E LB ]j£(Af ie - M^-V 



i=l 



F{k-l)e 



fc-1 



E (e{£{M^ - M( k ~V s ) ke \ F {h _ 1)e ) 11 £{M ls - M^ 6 ), 
\ i=i 



k-l 



(A.6) 



E y£{M kE - M (fe - 1)£ ) (fc _ 1)e Yl £( M ' lE ~ M {l ' 1)e 
fc-i 

E\[£{M t£ - M {l - 1)£ ) le , 



since £(M ke — M^ k 1)e )(k-i) e = 1- By induction, E£{M) ne — 1, and so we conclude 
that £{M) is a martingale. □ 

Proof of Lemma That /j, + is A-compatible follows as /j, + ^ is /^-compatible and 
/i is A-compatible. Furthermore, M x and Af M are processes of finite variation, so we find 



(A.7) 



[H£ ■ M x , • M"] t = ^ A(£T£ • M X ) S A(H£ + " • Af), 

0<s<i 
d 

= E E (^)i(^ +i/ )tA^ 

i=l 0<s<t 

= E f {H^ s {H^ +v tdNi. 



Therefore, ■ M x )£(Hjf +v ■ Af) = ■ M A + • M M + H^H^ +U ■ N) by 

Theorem 11.38 of (|Protterl l2005h . We find 

(A.8) 

(F£ • M A + • AP + H^H^+" ■ N) f 

i=1 Jo Jo 
Now noting that 



A! 



1 



Mt + 
Ml 



Mi + 



Mt M* + f| , _ Mi + f| 



(A.9) 



Aj Mt 
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as well as {H^)\\\ + {H£+ U )\n\ = n\ - X] + + v\ -f4 = /4 + 4 - Af , we may conclude 



(a.io) = J2 fm +u )i d^v; - E /W + TX d* = h» +v . m\ 

yielding the desired result. □ 

Proo/ o/ T/ieorem flOl By Lemma 15771 it suffices to show that £((H ■ Mf - (H ■ M) u ) 
is a martingale when < u < t with \t — u\ < e. Let such a pair of u and t be given and 
let L = (H ■ Mf - (H ■ M) u . With R and B as in Theorem |37J we have for r > that 

S r = i[L c ] rAfl + £ (l + AZ s )log(l + AZ s )-A£ 5 

0<s<rAfl 

(A.ii) =E ri M (*)i[„,t]W((i + flj)iog(i + fr*)-^)divi. 

i=l 

From this, we obtain that is locally integrable, and as l[o,ra is a predictable process, 
we have 

Q />oo 

(Ii;B) 0O =V / l [0fi i|(a)l M (a)((l + ^)log(l + flJ)-ffi)Ai(Lj 

=£ f Ws)(7> g 7: - (7: - i))A:d S 
(A.12) <e r(7iiog7l-(7:-iMd S . 

Therefore, if the first integrability criterion is satisfied, £ (L) is a uniformly integrable 
martingale by Theorem 13. 31 in particular a martingale. This proves the first claim. 

Next, we consider the case where the second integrability criterion is satisfied. We will 
use Lemma 13.81 to prove that £((H ■ M)* — (H ■ M) u ) is a martingale in this case. To 
this end, we define predictable e?-dimensional processes fj,~ and /i + by 

(A.13) ( M -)i = ^l( M j<Ai)+Ajl (M j >A |) 

(A.14) (M + )j=(Mi-ADl ( ^>x|). 

We then have fi = /i+ + fi~ . Also define 7* = ^- and 7** = -^r, and H* = 7* — 1 and 
i/** = 7** — 1. Now, as A and fi are predictable, fi~ and fi + are predictable as well. 
Furthermore, and /i + are both nonnegative and locally bounded. We claim that \T~ 
is A-compatible and that \i is /^"-compatible. 

To show this, first note that as fi is A-compatible, it holds that if A 1 is zero, fi 1 is zero 
and so (/i - )* is zero. Also, (7*) J = 7tl( M »<A i ) + ^(^t i >A i ) 1 so 7* i s locally bounded since 7 
is locally bounded. Thus, fi~ is A-compatible. Next, note that if (^~) 1 is zero, it either 
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holds that /i l is zero and /j, 1 < A 1 or that A 1 is zero and /i 1 > A' . The latter is not possible 
since we have assumed that /i is A-compatible. Therefore, if (/x - )* is zero, \x\ is zero. 
Furthermore, (7**)^ = l( M j<Aj) + 7tl(^j>Aj)j so 7** i s locally bounded as well. Thus, \x 
is /incompatible. 

Now put L* = (H* ■ M)< - (H* ■ M) u and L** = {H** ■ M f - [H** ■ M) u . It holds that 
£{L) = £{L*)£{L**). As )* < A\ we conclude that -1 < (H*y < 0. We will apply 
Theorem 13.31 to the local martingale L* . By the same calculations as above, noting that 
(1 + x) log(l + x) < when — 1 < x < 0, we obtain 



(n;^ = Ad + (#*)',) io g (i + (^*)j) - '// i'J-Vd.s 
1=1 Ju 

(A.15) <-J2 [\H*y s Xld s <J2 Aids. 

i=i Ju i=i J " 



Since we have assumed that the second intcgrability condition holds, we obtain 



(A.16) E exp \J2 J K ds j < E exp ( ^ J \ s ds + J log + 7^ dNj \ < 00, 



so Theorem 13.31 shows that £(L*) is a uniformly integrable martingale. Let Q be the 
measure with Radon-Nikodym derivative £(L*)oo with respect to P. By Lemma 13.81 
E p £(L) OQ — EQ£(L**) oq . To show that £(L) is a martingale, it suffices to show that 
this is equal to one. To do so, we will apply Theorem 13.41 to show that £(L**) is a 
uniformly integrable martingale under Q. To this end, we first show that L** is a local 
martingale under Q. Note that L** and L* both have paths of finite variation, and 



[L**,L*U=J2 E (H* s *y(H* s yANi 



i—1 u<s<t 
d 



i—1 u<s<t 



since for fixed s and z, the first factor is zero when fi l s < A*, and the second factor is 
zero when /i| > A*. In particular, [L**,L*] is locally integrable under P, so (L**,L*) 
exists under P and is zero. By Lemma IA~2l we find that L** — (L**, (£*)*) is a local 
martingale under Q. By what we just showed, (£**,(£*)') is zero, so £** is a local 
martingale under Q. Next, note that = ( 7 **)j - 1 = l (Al j< A j) +7* l( M j>A|) ~ 1 > 0, 

so AL** > > — 1, and therefore Theorem l3.4l is applicable. Now, with A as in Theorem 
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I3.4[ we have 

al: 



Aoo = \w*) c U + £ log(l + AL**) - - 



Q<s s 



(A.18) = £ /' !(„;>>,.) log § d«J = £ /' log + 7: dW,'. 



dm 



Also, since — 1 < H* < 0, we find 

£{L*)oc = exp f ^ - j\n*tK ds + £ log(l + (H*)l) dN^j 

(A.19) <exp (j2j u Aids J , 

which leads to 

£ Q exp^) = EEiL*)^ exp^) 
(A.20) < £ exp ( £ £ A 1 , ds + £ log + 7 * diV^ , 

which is finite by assumption. Theorem l3.4l then shows that L** is a uniformly integrable 
martingale under Q, so E'^£(L**) 00 = 1, from which we conclude E P £(L) 00 — 1. Thus, 
£{L) is a uniformly integrable martingale, in particular a martingale. This completes the 
proof. □ 

Proof of Corollary \2. 31 First note that for x > 0, it holds that 
(A. 21) x log a; — (x — 1) < 1 + x log x < 1 + x log, x. 

Therefore, as A = 1, the first moment condition of Theorem 12.21 reduces to the first 
moment condition in the statement of the corollary. Furthermore, because of A = 1, we 
obtain 

(A.22) E exp (j^ \[ K d * + \[ log+ < = e d ^E exp (j^ £ 1°S+ 7 j dN^j , 



and the result for the second moment condition of the corollary follows. This completes 
the proof. □ 



A. 2. Proofs for Section [4j 
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Proof of Example \4-l\ By our assumptions, 7 t = aX t 1 + [3 < a5 1 + /?. Using that 
x log x — (x — 1) < 1 + x log x < I + x log + a; for any x > 0, we then obtain 



(A.23) /'(t: log 7 : - ( 7 * - 1))A S ds < (1 + (ad- 1 + /?) log , (aJ" 1 + P)) [ X s ds, 



so the first criterion of Theorem 12.21 yields the result 



□ 



Proof of Example \4-S\ Let e > be given such that exp(e(i? • M) t ) is integrable 
for all t > 0. Pick M > so large that xlog + x < e(x — l) 2 for x > M. Defining 
C = sup_ 1<a;<M xlog + x, we then obtain for < u < t that 

Sex P (j2 j log+ l*\ ds^j <Eexp(j2j Q C+ lM>M)e(ji\ - l) 2 dsj 
(A.24) < exp(diC)£cxp (^ £ zZj Q ( H l) 2 ds ^j • 

As A has no common jumps, however, we have 



(A.25) [H ■ M] t 



,■-1 1-1 Jo 



and therefore, (i? ■ M) t = Yh=x h( H l? ds - A11 in all > 

we conclude 



(A.26) 



Eexp J /4 lo S+ /4 ds ^ < Eexp{dtC) exp (e(H ■ M) t ) < 00, 



and the result follows by Corollary 



□ 



Lemma A. 4. There is C such that < Cexp(n — n log n) for all n > 0, using the 
convention that OlogO = and 0! = 1. 



Proof. By (6.11.2) of (jZwillingerl . 120031 ). it holds that lim„ n\(V27m(n/e) n )- 1 = 1. Fix e 
in (0,1). For n large enough, nl > ( 1 — e) V 2im(n /e)" = (1 — £)v2~7rexp((ri+i) logn— n). 
This implies nl > C^ 1 exp((n+ |) log n—n) for a positive constant C and all n > 0. From 
this, we conclude ^7 < C exp(n — (n + |) logn) < C exp(n — nlogn) for all n > 0. □ 



Lemma A. 5. Let Z be Poisson distributed with parameter /1. Then exp(eZlog.Z) is 
integrable whenever < e < 1. 
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Proof. We find, using Lemma DOl 

Eexp(eZ\ogZ) = ^ exp(£nlogn) — r exp(— /i) 

n=o ' 

00 

< C exp(en log n — n log fi + n — n log n) 

n=0 

00 

(A.27) =C^(exp(l-log M )r^ 1 )". 

As e — 1 < 0, I exp(l — log/i)n e_1 | < 1 for n large enough. Therefore, the above series is 
convergent by comparison to a geometric series. □ 



Proof of Example \4-3\ using the first moment condition of Corollary \2.3l As 

xlog, x is increasing in 1, it suffices to consider the case where a > 1 and /3 > 0, such 
that /1 is positive. Fix e > 0, and let < u < t with \t — u\ < e. We then obtain, with 



(d rt \ / d „t 

Yljvl log + n\ ds J < exp f ^ y 



(a + /3Af_) log (a + 0N?_ ) ds 



(A.28) < exp (ed(a + f3N t s ) log(a + /3A t s )) 

Now, for k large, we have a + f3k < 2(3k and log(2/3fc) < 2 log fc, so for k large enough, we 
find ed(a + (3k) log(a + /3fc) < 2ed(5k log(2/3k) < 4edf3k log fc. From this we conclude that 
ex P(Si=i / Ms l°g Ms ds) is integrable if only exp(4:Sdf3Nf log Nf) is integrable. A t 5 is 
Poisson distributed with parameter dt, so by choosing e with 4£d/3 < 1, we obtain the 
desired integrability using Lemma lA~5l Corollary 12.31 now yields the result. □ 

Proof of Example \4-3\ using the second moment condition of Corollary \2.3l 

Again, it suffices to consider a > 1 and (3 > 0. We fix e > and consider < u < t 
satisfying \t — u\ < e. We put Nf = Ylj=i an d define a mapping <p : No — > K by 
ip(ri) — Eexp(f* w log/3(n + N^) dN^). Let m € N such that a < /3m, we then obtain 
a + f3x < j3(m + x). As N s is a Poisson process of rate d, we find that conditionally 
on A^f, the processes s H> N^ +u — Njj[ and s 1— > A^ have the same distribution, and we 
obtain by conditioning on A„ that 

(A.29) 



= Eexp(^J log /3(m + Af ) diVf ^ = Eexp(J log /3(m + A^ + Af - A^) dJVf 
= Eexp( [ log ^(m + A* + Af +tl - A u s ) d( Af +tl - A u s )) = £^(m + A„ s ) . 
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Now note that 

f N t-u 
log /3(n + k) 



= E CX P ( E lo § ft" + fc ) ) e M-(t u)d) 

p=0 Vfc=l / 



p=0 \fc=l 



pi 

\ ((t - u)df 



p\ 



oo ( \\ 

(A.30) = exp(-(t - u)d) V(/3(* - u)d)* ^±7^ 

p^o n! ^ ! 

Whenever |g;| < 1, we have X ^ n xP ^"ffi ! = 0- — by formula (15.1.8) of 

( Abramowitz and Stegunl . 19641 ). and we therefore conclude, whenever j3{t — u)d < 1, 
that 

(A - 31) ^ = (l-^(t-„)d)»+i- 

Therefore, in this case, 

exp(— (t — 



0(t - u)d) m+JV 5 +1 



= exp(-td) ^(1 - /3(t - u)d)~ 



(p+m+1) 



(ud) p 



pi 

p=0 1 

1 / 

= (1 - (3(t - u)d) m + l cx V^ td > \i-p(t- u )d J pi 

(A - 32) = (1 - /3(t - „)d)™+i 6XP + l-fi(t-u)d 

We conclude that the second moment condition of Corollary 12.31 yields the result, using 
e such that f3ed < 1. □ 



For the diffusion examples we need two lemmas. 

Lemma A. 6. Consider three mappings A : N$ x W[ -t R d , B : x i{ -> M(d, d) and 
a : Ng x — > M(d, d) such that A(rj, ■), B(rj, •) and a(rj, ■) are bounded and continuous 
for r] £ Ng. Let W be a d- dimensional (J 7 *) Brownian motion. Let J 1 ,* 6e £/ie n'f/i event 
time for and let Z\ = t — T l Ni . The stochatic differential equation 



(A.33) 



dX t = (A(N t , Z t ) + B(N t ,Z t )X t ) dt + a(N t , Z t ) dW t 
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is exact, in the sense that for any initial value, it has a pathwise unique solution. Defining 
Ct — exp(— J Q B(N S , Z s ) ds), the solution is 

(A.34) X t = C^ 1 (x + J C S A(N S ,Z S ) ds + J C s a{N s ,Z s ) dW^J . 



Proof. Let A s — A(N S , Z s ), and define B and a analogously. Note that as N and Z are 
adapted, A is adapted as well, since A(rj,-) is continuous and so Borel measurable for 
all r\ E Nq. As the process is also right-continuous and locally bounded, all integrals are 
well-defined, and similarly for B and a . Let Xq be some initial value. Assume that A is a 
solution to the stochastic differential equation. Note that each entry of C t is differentiable 
as a function of t, and -^jCj 3 = (—B t Ct)^. The integration-by-parts formula yields 

(A.35) 

(c t x t )i = ]r c»xi AV; . I °i j + f x i dc? 

3=1 j=l J ° J ° 

= X o + E f t C i J(Ai+ 1 £Bi k X*)ds+ /V'^S-Muf • f Xi{-B s C s r ds 

3=1 J ° k=l J ° k=l J ° 



3 

Relabeling the indicies, we find that 



d d d d ft d ft 

(A.36) W r:'^//r.VSi> CfB^Xlds^Y. Xi(C s B s yi ds, 

j=l J ° k=l j=lk=l Jo j=l Jo 

and so (C t Xt)i = Xj + ^=i Jo A? s ds + J* C? J2k=i H k dW s- With the usual matrix 
notation for integrals, this means that CtX t = Xq + J Q C S A S ds + f Q C s a s dW s , and so 
we obtain 

(A.37) X t = C^ 1 (x + C S A(N S ,Z S ) ds + C s a(N s ,Z s ) dW s } . 

This proves pathwise uniqueness. Applying the integration-by-parts formula to the above 
shows that the proposed solution in fact is a solution. This proves existence. □ 

Lemma A. 7. Let X be a d- dimensional normally distributed variable with mean £ and 
positive definite variance E. Let c > and < e < 1. Then exp(c|| A||2 +£ ) is integrable. 
Furthermore, defining a(c,e) = 2 1+e c and b(c,e) = 16( 1+e )/( 1-e )c 2 /( 1-e ' ) 7 it holds that 

(A.38) £exp(c||A||i +£ ) < k d exp(a(c, e)||f|| cxp ( 6(c, e)||E||f^ 



where — Admd-i(\ // 2\/'K d 1 ) 1 , A c i is the area of the unit sphere in d dimensions and 
nid is the d 'th absolute moment of the standard normal distribution. 



Proof. By ( Lancaster and Tismenetskvl . [l985l ). p. 181, E has a unique symmetric positive 
definite square root E 1 / 2 such that E = (E 1 / 2 ) 2 . Furthermore, with Y = E _1 / 2 (A — £), 
it holds that X = £ + Y,^Y , where Y is e?-dimensionally standard normally distributed. 
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Note that for x,y > 0, it holds that (x + y) 1+E < (2 max{x, y}) 1+e < 2 1+e (x l+e + y 1+e ). 
Also applying || 1| 2 = •\/p]j{2, where || ■ H2 is the operator norm induced by the 
Euclidean norm, we get 

EeMc\\X\\\ +e ) = EcMcU + ^y\\l +e ) < £exp(c(||£|| 2 + ||E^r|| 2 ) 1+£ ) 

<£?ex P (c2 1 + e (||e||^ + ||Eiy||i +e )) 

(A.39) < exp(c2 1+e ||eir +£ )-Bexp (c2 1+£ ||£||( 1+e)/2 ||y||i+ £ ) . 

Switching to polar coordinates (see ( Rudinl . ll 9 70l ). page 149) we obtain, with Ad denoting 
the area of the unit sphere in d dimensions and C = c2 1+£ ||I]|| 2 1+e ^ 2 , 

£exp ( C 2 1 +»||E||^||y||5+-) 

= f eMCW* 
Js. d 



' ' :exp(-i||x||2 j ,1, 



(A.40) = - Ad r exp (Cr 1+£ ) -L= cxp ( -\r 2 \ r^ 1 dr. 

Using a change of variables, we obtain the bound 



f°° 1/1 

J cxp(Crl+£) v^ exp r2 



2 r 2 I r^dr 



< xp I Cr 1+£ - -r 2 I j_ exp | — -r 2 ) r d 1 dr 

d-l 1 „„„ / ^ 2\ i „ ,„ f /-(„l+e 1 „2 



< / r ; exp — r dr sup exp Cs +e s 

' ^ V 4 / s >o V 4 



(A.41) = 2 d / 2 j ^ "/== ex P (- 7^ 2 ) dr SU P ex P (cs 1+e - ^s 2 ^ . 

With nid denoting the <i'th absolute moment of the standard normal distribution, we 
have J °° r ' d ~ 1 ^^ ex P ( — 2" r2 ) dr = \ m d-i- Also, defining (j>(r) ~ Cr 1+£ — |r 2 for r > 0, 
has a global maximum at r* = (2C(1 + e)) 1 ^ 1 ^^ which satisfies 

0(r*) = C((2C(1 - \ ((2(7(1 + e)) 1 ^-*)) 2 

1+6 2 , „ 1+e 1+e 2 

(A.42) < 2— C— (1 + e)— < 4— C— . 

As the exponential mapping is increasing, this allows us to conclude 

(A.43) J™ exp (Cr 1+£ ) -L exp ^ dr < 2 <i/2 - 1 m (i _ 1 exp (^C^) . 

Recalling our definition of C, we have 

(A.44) 4^fCT^ = 4^f (c2 1 + e ||S||^/ 2 ) T ^ = 16^ c&\\Z\\jr • 

Therefore, defining a(c, e) = 2 1+e c and 6(c, e) = 16( 1+£ )/( 1_£ )c 2 /( 1_£ ), we finally conclude 



(A.45) EeMc\\X\\l +£ ) < ^== exp(a(c, £ )||£|| 1+£ ) exp (/,(,-. :,||- .; 
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which proves the lemma. □ 



Proof of Example \4-4[ We need to show that the first criterion of Corollary 12.31 is 
applicable. We may assume without loss of generality that < S < 1. It suffices to 
prove that for any t > 0, E exp( J* f/ s log + fx\ ds) is finite. Fix t > 0. By Jensen's 
inequality, we find 



(A.46) 



We wish to bound the expectation inside the integral by an expression depending con- 
tinuously on s. Recall that we have assumed that 4> is Lipschitz. As all norms on 
finite-dimensional vector spaces are equivalent, we find in particular that there exists 
7 > such that ||0(x)||oo < 7||x|| 2 . As <p(x) <E K+, we obtain (f> l (x) < j\\x\\2 for all i < d, 

andsoEexp(tJ2t=il4^g + l4) < Eexp(td-y\\X a \\ 2 log + ~f\\X s \\ 2 ). Next, let < £ < 1. It 
holds for all x > that log + x < (~ 1 x l *. Therefore, defining p — td r y 1+ ^ £ _1 , we conclude 

(A.47) £exp^^/4log + /4^ < Eex V (p\\X s \\i +1 

We will calculate this expectation by conditioning on N. Let 7/ denote a point process 
path, and let (r n ) denote the event times of r\. By the explicit rep resentation i n Lem ma 
IA.6I as well as the results on pathwise stochastic integration in (jKarandikar , 19951) , it 



holds that conditionally on N = 77, X s has the same distribution as where 

(A.48) y a " = C7 1 (*o + J C v A{r )v ,v-T riv )dv + ^ C v a(r] v ,v - r Vv ) dW^j , 

which is a normal distribution with mean £J and variance S^, where 

(A.49) Q = C; 1 (x + J C v A( Vv ,v - r nv )dv\ 

(A.50) J% = C- 1 [ (CMVv^-TnJYiC^ivv^-T^dsiC- 1 )^ 



and where C s — exp(— B(rj v , v — t, 1v ) dv). With || • H2 denoting the matrix operator 
norm induced by the Euclidean norm, Lemma [A. 71 yields 

(A.51) 

Eexp(p\\X a \\ 1 2 +c ) = J E(exp(p\\X s \\ 1 2 +c )\N = v ) J dN(P)( v ) 

EeMp\\y s % H )dN(P)( V ) < k d Eexp(a(p, C)\\e \\ 1+C )^P 

Next, we consider bounds for \\^\\ and ||S^||2. We begin by noting that we always have 
I C s 1 1 2 < ex p(/ S \\B(t] v ,v — Tn„)||2 d y) < exp(sce) , where we have appl ied standard norm 



inequalities, see Theorem 10.10 of ([Highaml . 120081 ) and Lemma 1.4 of (jEthier and Kurtz 
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19861 ). and similarly, \\C S 1 ||2 < exp(scs)- Therefore, recalling that < S < 1 so that 



x i — y 5 is increasing, 



|tf|| 3 < exp( SCB ) (\\U\2 + £ 



\\C v h\\A(r] v ,v - T ?) J|| 2 di> 



< exp(sc B ) ^||xo|| 2 + exp(sc B ) J \\A(t) v )\\ 2 dv 

(A.52) < exp(sc s ) (||a;o||a + sc A exp(sc s )||r/ s || 1 -' 5 ) . 

Similarly, we obtain 



|SJ|| a < exp(2sc B ) 



(C v a(r) v ,v- r t? J)*(C u cr(77 1 ,,w - T Vv ))ds 



1-8 



(A.53) <cxp(2sc B ) / exp(2vc B )\\a(r] v ,v-T riv ))\\idv < sexp(4sc B )c;||r? s ||i 
Jo 

In particular, for appropriate continuous functions a^, b^ and 6s from R + to M, depending 
on C, we obtain the two bounds 



Iieil2 +C <«e(^) + ^WII^II^ )(1+C) 

,(1-5)^ 



(A.54) 

(A.55) Kll^ < 

We then conclude 

i?exp(p||X s ||i +c ) 

< fc d £exp (a(p,0 (a 4 ( S ) + ^(s)ll^ll^ 5)(1+C) 
(A.56) < k d exp (a(p, CK(s)) £exp f (a(p, C)&*(«) + &(p, C)feOO)l|tf.lli 



&(p,C)M«)llrf ^ 



(i-*)t±§ 



The above depends on given constants 5, ca, cb and c CT , as well as the constant C which 
we may choose arbitrarily in the open interval between zero and one. We now choose £ 
so small in (0,1) that (1 - 5){1 + 0(1 - C)" 1 < 1- We then also obtain (l-tf)(l + < 1. 
Recalling that for any Poisson distributed variable Z with intensity A and any c G K, it 
holds that Eexp(cZ) = exp((exp(c) — 1)A), we may then conclude 

£exp(p||X s ||i +c ) 

< k d ex.p(a(p,Oa s {s))Ee X p((a(p,Qh(s) + b(p,Obi:(s))\\N s \\ 1 ) 
(A.57) = k d exp (a(p, CK(s)) exp((exp(a(p, Qb^s) + 6(p, OM*)) - l)ds). 

All in all, we may now define, for < s < t, 

(A.58) <p(s) = fc d exp(a(p,Oac(s))exp((a(p,Oexp(6 5 (s) + &(p,0M s )) - l)ds), 

and obtain E exp(i^^ =1 ^*log + p,*) < <y9(s) for all such s. The functions et£, 6^ and &£ 
depends continuously on s. Therefore, ip is a continuous function of s. In particular, the 
integral of (p over [0,t] is finite. Recalling our first estimates, this leads us to conclude 
that for any t > 0, it holds that E exp(J2i=i J lA l°g+ Ms ds) is finite, and so the first 
integrability criterion of Corollary 12.31 is satisfied. □ 
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Proof of Example \4-5[ We want to show that the second moment condition of Corol- 
larv !2.3l is applicable. To this end, we first construct an explicit solution to the stochastic 
differential equation defining X. With T n denoting the n'th event time for N, define the 
process W n by W," = W T „+ t ~ W T „ and define = T Tn +t- By Theorem 1.12.1 of 



(jRogers and Williams! . l2000al) . W n is independen t of JV, and has the distribu tion of a 



Brownian motion. Again using Theorem 1.12.1 of (jRogers and Williams! . I2000al ) with the 
stopping time T n + s, we have for < s < t that 

E{W?\T?) = E(W Tn+ t - W T JlT n+s ) 

= E{W Tn+t - W Tn+s \F Tn+s ) + W Tn+s - W Tn 
(A.59) = W Tn+a - W Tn = W s ", 

and Levy's characteri s ation T heorem for Brownian motion relative to a filtration, see 
(jRogers and Williamsl . [2000bh . Theorem IV. 33.1, shows that W n is an (J r ")-Brownian 



motion. We may then use the Ito existence and uniqueness theorem, see Theorem 11.2 of 
( Rogers and Williams! . 2000b! ) , concluding that on the same probability space that carries 



the Poisson process N, the Brownian motion W and in particular the (J r ™)-Brownian mo- 
tion W n , there exist unique processes X n satisfying the stochastic differential equations 
dX™ = a n + b n Xl l dt + a dW™ with constant initial values . Whenever T n < t < T n+ i, 
we then have 

rt—T n rt-T n 
K-T n = U + / On + KX n s ds+ a dW^ 



JO JO 

(A.60) = + f a n + b n X?_ Tn ds+ f adW s . 

JT n JT n 

The process Y^=o^t~T 1[t„,t„ + i) [t) thus satisfies the same stochastic differential equa- 
tion as X. By pathwise uniqueness for each X n , we find X t = Yl^o-^t-T 1[t„,t„ +i )(*)- 

The above deliberations yield an explicit representation for the stochastic differntial 
equation defining the intensity. Next, we check that the second moment condition of 
Corollary 12.31 is applicable. With Sk — 7fe — T^-i denoting the sequence of interarrival 
times, we then obtain for the moment condition to be investigated that 



^exp^y log + |AV|dA^ <£exp(y log(l + |X a _|) dN, 



N t N t 

=e n (i+\x Th .\)=E n (i+fej) 

k=N u + l k=N u +l 
N t 

(AM) =E [] (i + l^s; 1 !)- 

In order to obtain the finiteness of this expression, we wish to condition on N. Given a 
counting process trajectory r], we refer to the event times of rj by (t„), tq = 0, and we 
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let (s n ) be the corresponding interarrival times, s n = r n — t„_i. We then have 
(A.62) E [] (l + I^I; 1 !)^ E\ II ( 1 + \ X t 1 \) N = r )\ dN(P)( V ), 



Next, we argue that given AT, the variables (A^ _1 )fc>i are mutually independent, in the 
sense that it N{P) almost surely holds that the conditional distribution of the variables 
(A"^~ 1 )fc>i given N — r\ is the product measure of each of the marginal conditional 
distributions. 



To this end, we begin by arguing that each X 

rk-l t- i f s fc 



1 is a transformation of (W 



' 1 ) Sfc . By the 



uW k k l . Applying Theorem 



definition of X\ Xj- 1 = + f° k a k j + bk-iX^ 1 dt 

V.10.4 of (|Roeers and Williamsl . kOOObl ). there exists F fc _i : C*[0,oo) -> C*[0,co) such 
that X fc_1 = Ffe_i(W /fc_1 ), where C[0,oo) is the space of continuous trajectories, Q t is 
the CT-algebra on C[0, oo) induced by the coordinate projections on [0, t] and F n is Gt~Gt 



measurable for all t > 0. We then obtain X k k 



= F k _ 1 (W k ~ 1 ) s 



o F fc _x o W 



k-l 



where the Sfe'th coordinate projection w Sk is Q Sk -B measurable, B denoting the Borel 
er-algebra on R, and F^-i is Q Sk -Q Sk measurable, so that X k ~ x is a Q Sk -B measurable 
transform ation of W k ~ 1 . By the Doob-Dynkin Lemma, see the first lemma of Section 
A. IV. 3 of (jDoobl . Il984j ). there is then a measurable mapping Gk-i ■ C[0, Sfe] — > R such 
that A^'f 1 is the transformation under Gfc_i of the first s/c coordinates of W . 



We now apply this result to obtain the conditional independence of AT^ -1 given N = rj. 
As A^ -1 is a transformation of (H /fc_1 ) Sfc , it will suffice to show that the processes 
(W k ^ 1 ) Sk are conditionally independent given N = r\. In order to obtain this, we recall 
that W is independent of N. Also note that 

(A.63) {W k - l )T = W Tk _ 1+(tASk) - W Tk _ t = W {Tk _ 1+t]ATk - WVi- 



There fore, (W k 1 ) Sk is T Tk measurable. By Theorem 1.12.1 of ( Rogers and Williamsl . 



2000a), W k 1 is independent of T Tk _ x . Inductively, it follows that conditionally on 



Tfc-l • 

rk-\\s k 



N = r), the sequence of processes (W ) Sk are mutually independent. Therefore, con- 
ditionally on N, the variables (A^T 1 )^! are mutually independent. 

Applying this conditional indepedence, we may now conclude 

E ft ( 1 + I^; 1 D= l E \ ft ( 1 + \ x i~ 1 \) N = v) dN(P){r,) 

k=N u + l J Vfe=J7„+l / 

-/ft E (( 1 + \ x t 1 \)\N = v) dN{P)( V ) 

•* k=r) a +l 
N t 

(AM) =E J] ^(l + lX^lliV). 

k=N u + l 
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Next, we develop a simple bound on E(\Xg 1 \\N). Consider again a counting process 



path r], we then almost surely have E(\Xg 1 \\N = rj) = E\X* k 1 |, where X* k 1 is given 
by the li near integral equat ion X^ 1 = + J"** a fc _i + bk-iX^ 1 dt + crW*" 1 . By 
(3.42) of (jdasserman , 2003 ). we then find that X*' 1 is normally distributed with mean 
and variance given by 



EX* 1 = exp(&fc_is fc )£fc_i - b k _ 1 / exp(6 fe _i(s fc - u)) I - 



exp(6fe_isfe)^-i - afe_i exp(6fe-isfe) 



flfc-1 

exp(-6fc_is fc ) - 1 
&fc-i 



du 



(A.65) 
and 
(A.66) 



exp(s fc 6 fe _i) £ fc _i + 



Ofc-l 



exp(2b k -i(sk - u)) du 
By our assumptions on a k , b k and £fc, we then obtain 

fc_l1 < IEX 1 ?- 1 ] - 



ex: 



VXt X E 



X*' 1 - EX*' 1 



< 



< 



Ofc-l 



exp(s/c&fc_i) ^.-l 



6fe- 



exp(s fc 6 fc _i) |^ fc _i 



vxi- 1 

6fc-i 

Ofc-l 



2/n* a 2 / exp(2s6fc_i) ds 



6fc-i 



'2j%cr*fsk exp(2s fc 6 fc _ i ) 



(A.67) < a + i 9(fc- 1) + 2exp(s fc a)(a + /?(fc - 1)) + y/^a^exp(2s k a). 

Therefore, we see that by defineing a*(v) — a + 2aexp(ua) + y/2/ na^/v exp(2uo!) and 
j3*(v) = /3 + 20exp(va), we have E\X*~ l \ < a*(s k ) + /3*(s k )(k - 1). Next, note that for 
N u + 1 < k < N t , it holds that T fc < T Nt < t and T fe > T w „+i > u. Therefore, for any 
such fc, Sfc < t — u. We then find 

N t N t 
E [] Eil + lX^m^CE J] (l + a%S fc )+/r(S fc )(*-l)) 

fc=Af„ + l fc=JV u +l 

Nt 

<E Yl (l + a*(t-u)+p*(t-u)(k-l)) 

fc=jV„+l 
r-l 



(A.68) 



iJexp 



log(l + a* (t - u) + P* (t - u)N s _)dN s 



Now, the functions a*(v) and (3*(v) both tend to finite limits as v tends to zero from 
above. Therefore, by the proof of Example 14.31 using the second moment condition of 
Corollary I2.3[ it follows that for e > small enough and < u < t with \t — u\ < e, the 
above is finite, and so the moment condition is satisfied. □ 
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Next, we turn to the example involving Hawkes processes. We will need the following 
lemma. 

Lemma A. 8. Let N be a point process, let h : R + — > R be Borel measurable and define 
/i t = J Q h(t — s) dN s . Then \i is a predictable process. 

Proof. As h is Borel measurable, there exists a sequence of simple Borel measurable 
functions h n : R+ — > M converging pointwise to h. As N pathwisely only jumps finitely 
many times on compact intervals, we have fit = limn^oo /i", where the limit is pointwise 
and /x™ = J Q h n (t — s)dN s . Thus, it sufhces to show that fi n is predictable. Assume 
for dehnitencss that h n — X)fc=i c nk^A nk , where c n k G R and A n k is a Borel set in R + . 
With T n denoting the n'th event time for N, we have 

oo oo m n 

(A.69) = M* - T„)l (Tn<t) = ^2^2c nk l {t _ TneAnk) l {Tn<t) 

n—l n—1 k—1 

From this, we conclude that in order to show the result, it suffices to show that for any 
stopping time T and any Borel set in R + , the process Xf — l^ t _T n £A) is predictable. Let 
T be a stopping time and let E5 be the class of Borel sets in R + such that this holds. Then 
B is a Dynkin class. Furthermore, for a > 0, we have Xf — l(t_T„e(a,oo)) = 1(t„ +«<*)• 
This shows that X A is left-continuous and adapted, and so predictable. By Dynkin's 
lemma, X A is predictable for all Borel sets A in R + . This proves the lemma. □ 



Proof of Example By Lemma IA.81 the process Sj=i Jo ^ — s ) ^ s P re ~ 

dictable. As <jj t is Borel measurable, it then follows that /J? is predictable. As <\> % is 
nonncgative, \i is nonnegative. And by stopping at event times, we find that fi is locally 

bounded. Thus, \i is nonnegative, predictable and locally bounded. Letting c > be 
such that || /iji || oo < c for all i,j < d, we obtain 

A /•*- 

hij(t-s)dN J s 



(A.70) 



< 



d 

E 



d 



3=1 



□ 



and the result follows from Example 

Lemma A. 9. Let (T n ) be a localising sequence and assume that £(M) I " is a martingale 
£{M) is a martingale if and only if for each t > 0, lim n E£(M)T„^(T„<t) = 0- 



Proof. By our assumptions on the martingale property of £ (M) T ™ , we have 
E£{M) Tn l [Tn <t) = E£(M) TnAt - E£{M) t l (Tn>t) 
= E£(M)J~ - E£(M) t l (Tn>t) 
(A.71) =l-E£{M) t l {Tn>t) . 

By the Dominated Convergence Theorem, lim n E£ (M)tlrr n >t) — E£(M) t . From this, 
it follows that lim„ E£{M) Tn l (T n <t) = 1 - E£(M) t . Therefore, Lemma IQ yields the 
result. □ 
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Proof of Example \4-7[ Let T n be the n'th jump time of N, then (T n ) is a localising 
sequence. We have 



E£(p ■ M - M) Tn = Pexp I T n - jf " ft. ds + " log^ s dA^ s j 

(n n N 

- y)(a fc _i - i)(t„ - r„_i) +y^iogQ fc -i 
fe=i fc=i / 

n 

= Y\_ Uk-iEcxp ((1 - a fc _i)(T fe - T fe _i)) 
fe=l 

n 

(A.72) = JJ a fc _i(l - (1 - afe-i))" 1 = 1, 



fe=i 



so £(M) n is a uniformly integrable martingale by Lemma 13.21 Therefore, by Lemma 
IA.91 £ (fj, ■ M — M) is a martingale if and only if lim„ P£(M)t„ l(T„<t) is zero for all t > 0. 
Now let (Q'jJ 7 ', P') be an auxiliary probability space endowed with a sequence ([/„) of 
independent exponentially distributed variables, where U n has intensity a„. Let P n be 
the measure with Radon-Nikodym derivative £ (fi ■ M — M)t„ with respect to P. By 
Lemma [321 under P„, N has intensity /x1[q,t„] + l(T„,oo)- The distribution of T„ under 
P„ is then the same as the distribution of 53fc=i % under J", and so 

lim££ (M) Tn l (T „ <t) = lim Q n {T n < t) 

71 71 

(A.73) = limP' U k <t^j= P' U k<tJ- 

The result now follows from Lemma IA.9I and (jNorris , Il997t ). Theorem 2.3.2. □ 
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